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Disretization of vetor bundles and rough
Laplaian
Tatiana Mantuano
∗
Abstrat
LetM(m,κ, r0) be the set of all ompat onneted m-dimensional
manifolds (M,g) suh that Ricci(M,g) ≥ −(m−1)κg and Inj(M,g) ≥
r0 > 0. Let E(n, k1, k2) be the set of all Riemannian vetor bundles
(E,∇) of real rank n with |RE | ≤ k1 and |d∗RE | ≤ k2. For any vetor
bundle E ∈ E(n, k1, k2) with harmoni urvature or with omplex rank
one, over any M ∈ M(m,κ, r0) and for any disretization X of M of
mesh 0 < ε ≤ 120r0, we onstrut a anonial twisted Laplaian ∆A and
a potential V depending only on the loal geometry of E and M suh
that we an ompare uniformly the spetrum of the rough Laplaian
∆ assoiated to the onnetion of E and the spetrum of ∆A + V .
We show that there exist onstants c, c′ > 0 depending only on the
parameters of M(m,κ, r0) and E(n, k1, k2) suh that c′λk(X,A, V ) ≤
λk(E) ≤ cλk(X,A, V ), where λk(·) denotes the kth eigenvalue of the
onsidered operators (k ≤ n|X|). For at vetor bundles, we show that
the potential is zero, ∆A turns out to be a disrete magneti Laplaian
and we relate λ1(E) to the holonomy of E.
Mathematis Subjet Classiation (2000): 58J50, 53C20.
Key words: onnetion, rough Laplaian, disrete magneti La-
plaian, Harper operator, eigenvalues, disretization, holonomy.
1 Introdution
In [22℄, we have shown that for a family of ompat onneted manifolds
M(m, κ, r0) with injetivity radius and Rii urvature bounded below (i.e.
(M, g) ∈ M(m, κ, r0) if M is a ompat onneted m-dimensional Rieman-
nian manifold with Ricci(M, g) ≥ −(m− 1)κg and Inj(M, g) ≥ r0), we an
ompare uniformly the spetrum of the Laplaian ating on funtions with
∗
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the spetrum of the ombinatorial Laplaian ating on a graph with xed
mesh onstruted on the manifolds. Indeed, we show that there exist posi-
tive onstants c, c′ depending on the parameters of the problem suh that for
any M ∈ M(m, κ, r0) and any disretization X of M (with mesh ε < 12r0),
the following holds
c′λk(X) ≤ λk(M) ≤ cλk(X) (1.1)
for k < |X|, where λk(·) stands for the kth eigenvalue of the onsidered Lapla-
ian. This result generalizes in a natural way dierent works like [5℄, [6℄, [9℄
and [19℄ that were motivated either by the study of the relation between the
fundamental group of a manifold and the spetrum of its nite overings ([5℄,
[6℄) or by the relation between the spetrum of a manifold and its Cheeger
isoperimetri onstant ([9℄) or by the existene of harmoni funtions ([19℄).
More generally, the aim of the disretization is to have an understanding
of the spetrum (a global invariant on the manifold) with a minimum of
informations about the loal geometry of the manifold.
Of ourse, the problem is interesting for dierential operators other than the
Laplaian and we may address the following question: does the same kind
of omparison hold for other geometri dierential operators suh that the
Laplaian ating on p-forms or the Dira operator? Most of these operators
may be expressed in terms of a onnetion Laplaian added with a urvature
term. In this artile, we investigate the ase of suh a onnetion (or rough)
Laplaian ∆ assoiated to a onnetion ∇ on a vetor bundle. More pre-
isely, the purpose is to establish a uniform omparison of spetra between
rough Laplaians on vetor bundles and twisted Laplaians on graphs that
generalize ombinatorial or disrete magneti Laplaians. The Riemannian
vetor bundles we are interested in have urvature and exterior oderivative
of urvature bounded i.e. we study Riemannian vetor bundles E with ber
of real rank n suh that |RE| ≤ k1 and |d∗RE| ≤ k2 (denote by E(n, k1, k2)
the set of suh vetor bundles). The main result (Theorem 3.1) states that
there exist positive onstants c, c′ (depending only on the given parameters)
suh that for any vetor bundle E ∈ E(n, k1, k2) over any M ∈ M(m, κ, r0)
satisfying one of the following assumptions
I) the urvature of E is harmoni i.e. d∗RE = 0,
II) E is of omplex (or quaternioni) rank one
and for any disretization X of E, we an onstrut a anonial twisted
Laplaian ∆A and a potential V depending only on the loal geometry of E
suh that
c′λk(X,A, V ) ≤ λk(E) ≤ cλk(X,A, V ) (1.2)
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for any k ≤ n|X|, where λk(E) denotes the kth eigenvalue of the rough
Laplaian ∆ and λk(X,A, V ) the k
th
eigenvalue of ∆A + V .
The ase of at vetor bundles is espeially enlightening. Indeed, if E is
at, we show that the potential V is zero and that ∆A is a disrete magneti
Laplaian. This partiular ase shows how the onstrution of ∆A is strongly
related to the holonomy of E. This fat is emphasized by Theorem 4.1 whih
relates the holonomy (in the sense of [2℄) to the rst eigenvalue of ∆A and
therefore of∆. In order to understand the problem of non-at vetor bundles,
go bak to the ase of funtions. Reall that for funtions we needed to
establish orrespondanes between funtions on the manifold and funtions
on the graph. To that aim and in partiular to assoiate smooth funtions
to funtions on the graph, we had to extend loally suh a funtion in a
onstant way and then smooth it (with a partition of unity). The question
of extending loally is a entral problem for the ase of vetor bundles. It
turns out that extending by parallel transport is really eient for at vetor
bundles as it produes parallel setions. But, as soon as the urvature omes
in, parallel transport is not onvenient anymore and we need to onstrut
a ner way to extend loally a setion. In fat, the obstrution to extend
in a parallel manner is double: the holonomy plays the role of a global
obstrution to extend as parallel as possible and loally the urvature plays
the same role. The twisted Laplaian will preisely render the holonomy of
the vetor bundle, while the potential will take into aount the loal non-at
geometry.
The paper is organized as follows. In Setion 2, we introdue the notations,
we dene the general notion of twisted Laplaian on a graph and reall the
main properties of the disretization of a manifold (that will oinide with
the notion of disretization of vetor bundles). Setion 3 is devoted to the
proof of the main result (Theorem 3.1). The main diulty is to onstrut
a suitable twisted Laplaian (see Setion 3.1). From a geometri point of
view, the problem is the dependene on the loal geometry of the Laplaian
and the potential to have enough informations to estimate the spetrum of
the vetor bundle. Tehnially, we need ne analysis on vetor bundles like
Sobolev inequalities for setions to ahieve the onstrution. The partiular
ase of at vetor bundles an be kept in mind as the ground example during
the reading. In this ase, the proofs an be done easier (we an avoid the
tehnial tools desribed in Setion 3.1). Nevertheless, this ase already
ontains the essential information for ∆A as it shows how the holonomy is
related to ∆A (see Setion 4). For non-at vetor bundles, ∆A does not
sue anymore to ontrol the rough Laplaian, so that we have to introdue
a potential V whih takes are of the urvature loally. The generalization of
3
the at ase is then done for two dierent ases (see assumptions I) and II)),
for rank one vetor bundles and for vetor bundles with harmoni urvature.
These two ases are really of dierent nature. This appears all along Setion
3 and this begins with the onstrution of ∆A + V (in Setion 3.2) whih
diers aording to the assumptions I) or II). In Setion 4, we establish
the relationship between the holonomy and the rst eigenvalue of the rough
Laplaian for at vetor bundles. The part of Theorem 4.1 that bounds
from below the rst eigenvalue in terms of the holonomy an be generalized
easily to vetor bundles with harmoni urvature. But this will not be done
here. This result is in fat due to Ballmann, Brüning and Carron in a more
general setting (see [2℄). Finally, we ollet some more tehnial proofs in
the appendix to make easier the reading, even if the results are not of minor
importane for the paper.
2 Settings
2.1 Rough Laplaian
In this setion, we reall basi fats on the rough Laplaian (for a general ref-
erene see [3℄, [24℄ or [25℄ for instane). Let (M, g) be a ompat onnetedm-
dimensional Riemannian manifold without boundary and with volume form
denoted by dV . Moreover, let (E,∇) be a Riemannian vetor bundle with
n-dimensional ber over M i.e. E is a vetor bundle over M endowed with
a smooth metri 〈·, ·〉 and a ompatible onnetion ∇. On the set Γ(E) of
smooth setions of E, denote by (·, ·) the L2-inner produt endowed by 〈·, ·〉
and g. Reall that the onnetion extends to p-tensors on M with values in
E and that we dene ∇∗ to be the adjoint of ∇ with respet to the L2-inner
produt. The rough Laplaian (or onnetion Laplaian) ating on Γ(E) is
then dened by ∆ = ∇∗∇. The spetrum of ∆ is disrete and non-negative
and will be denoted
Spec(E) = {λ1(E) ≤ λ2(E) ≤ . . . ≤ λk(E) ≤ . . .}.
The Rayleigh quotient of a non-zero setion s is dened by R(s) = ‖∇s‖
2
‖s‖2
,
where ‖ · ‖ denotes the L2-norm assoiated to the L2-inner produt de-
ned above. Later we will need the following variational haraterizations of
Spec(E) known as min-max and max-min theorems. For any k ≥ 1,
λk(E) = min
Ωk
max{R(s) : s ∈ Ωk \ {0}}
= max
Ωk−1
min{R(s) : s ∈ Ωk−1 \ {0}, s⊥Ωk−1 w.r.t (·, ·)}
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where Ωk (resp. Ωk−1) ranges over all k-dimensional (resp. (k − 1)-dim.)
subspaes of Γ(E).
2.2 Twisted Laplaian
Let Γ = (X,E(X)) be a nite onneted graph endowed with the path metri.
For p ∈ X denote by N(p) the set of verties at distane 1 from p and by
m(p) the number of suh verties. In order to generalize the ombinatorial
Laplaian (see [21℄ for a denition) and the disrete magneti Laplaian (see
[23℄ for a denition), let us onsider the set of funtions on X with values in
R
n
i.e. F(X) = {f : X → Rn}, provided with the inner produt (f, g) =∑
p∈X f(p) · g(p), where · denotes the Eulidean inner produt of Rn.
Denition 2.1 For any p ∈ X and q ∈ N(p) assume that A(p, q) : Rn → Rn
is a given linear transformation. The twisted Laplaian assoiated to A is
the operator ∆A : F(X)→ F(X) dened by
∆Af(p) =
1
2
∑
q∈N(p)
(
I+ At(p, q)A(p, q)
)
f(p)− (A(q, p) + At(p, q)) f(q).
Remark 2.2 If for any p, q, the operator A(p, q) is the identity, then ∆A is
the ombinatorial Laplaian.
Remark 2.3 If A(p, q) belongs to O(n) and At(p, q) = A(q, p), then
∆Af(p) = m(p)f(p)−
∑
q∈N(p)A(q, p)f(q). In this ase the twisted Laplaian
is usually alled disrete magneti Laplaian or Laplaian assoiated to
the Harper operator A.
Let us introdue the spae of funtions F(X×X) = {F : X×X → Rn} and
provide it with the inner produt given by (F,G) = 1
2
∑
p∈X
∑
q∈X
F (p, q) ·G(p, q).
Lemma 2.4 Let A(p, q) be as in Denition 2.1 and ∆A the twisted Laplaian
assoiated to A. Let DA : F(X)→ F(X ×X) be dened by
DAf(p, q) =
{
f(q)−A(p, q)f(p) if p ∈ N(q),
0 otherwise.
Then, for any f ,g ∈ F(X), we have (∆Af, g) = (DAf,DAg).
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Proof : let f , g ∈ F(X). Then, we have
(∆Af, g) =
1
2
∑
p∈X
∑
q∈N(p)
(f(p)− A(q, p)f(q)) · g(p)
−1
2
∑
p∈X
∑
q∈N(p)
(f(q)−A(p, q)f(p)) · A(p, q)g(p)
=
1
2
∑
p∈X
∑
q∈X
DAf(q, p) · g(p) + 1
2
∑
p∈X
∑
q∈X
DAf(p, q) ·DAg(p, q)
−1
2
∑
p∈X
∑
q∈X
DAf(p, q) · g(q) = (DAf,DAg). ✷
A diret onsequene of this lemma is that∆A is symmetri and non-negative,
so it admits a non-negative spetrum. If V : F(X)→ F(X) is a non-negative
potential, then the spetrum of ∆A+V is haraterized by min-max theorem
as follows
∀1 ≤ k ≤ n|X|, λk(X,A, V ) = min
W k
max{R(f) : f ∈ W k \ {0}}
where W k ranges over all k-dimensional vetor subspaes of F(X) and R(f)
is the Rayleigh quotient of f dened by R(f) = ‖DAf‖
2+(V f,f)
‖f‖2
.
2.3 Disretization of vetor bundles
In this setion, we dene the notion of disretization of a vetor bundle.
Denition 2.5 Let (E,∇) be a Riemannian vetor bundle over (M, g) a
ompat onneted Riemannian manifold with ∂M = ∅. An ε-disretization
of E is a disretization of M of mesh ε > 0.
The disretization of a manifold (of mesh ε) is dened as in [10℄ (Setion
V.3.2). Let us reall the denition and the properties of suh a disretization.
Let (M, g) be a ompat onneted m-dimensional Riemannian manifold. A
disretization of M , of mesh ε > 0, is a maximal ε-separated subset X of
M provided with a graph struture given by the sets N(p) = {q ∈ X | 0 <
d(p, q) < 3ε}, for any p ∈ X . In other words, X is suh that for any distint
p, q ∈ X , d(p, q) ≥ ε and ⋃p∈X B(p, ε) = M . Moreover, pq is an edge if and
only if 0 < d(p, q) < 3ε. Denote by m(p) the number of elements of N(p).
Remark 2.6 Let us remark that if B(p, ρ) is a ball in M with radius ρ <
1
2
Inj(M), then the volume V (p, ρ) of the ball B(p, ρ) is bounded below by a
6
onstant depending only on ρ and m (this is Croke's Inequality, see for in-
stane in [10℄ p.136). Moreover, if M has Rii urvature bounded below by
−(m− 1)κ then the volume of a ball of radius R is bounded above by a on-
stant depending only on m, κ and R (this follows from Bishop's omparison
theorem, see for instane [10℄, p.126). These bounds will be used frequently
in the sequel.
Choose ε smaller than 1
2
Inj(M). Denote by κ ≥ 0 a onstant suh that
Ricci(M, g) ≥ −(m − 1)κg. Then, using Remark 2.6 we an show that
m(p) is bounded above by a onstant νX depending only on m, κ and ε and
that
1
V−κ(ε)
V ol(M) ≤ |X| ≤ 2m
εmc(m)
V ol(M), where V−κ(ε) denotes the volume
of the ball of radius ε in the simply onneted spae of onstant setional
urvature −κ and of dimension m.
3 Spetra omparison for rough Laplaian and
twisted Laplaian
In this setion, we will establish the omparison between the spetra of the
rough Laplaian and a twisted Laplaian. Let us state the main result.
Theorem 3.1 Let m, n be positive integers, κ, k1, k2 ≥ 0 and r0 ≥ 20ε > 0.
There exist positive onstants c, c′ depending only on m, n, κ, k1, k2 and ε
suh that for any M ∈ M(m, κ, r0), any vetor bundle E ∈ E(n, k1, k2) over
M satisfying one of the following ondition
I) the urvature of E is harmoni i.e. d∗RE = 0,
II) E is of omplex (or quaternioni) rank one
and for any ε-disretization X of E, we an onstrut a anonial twisted
Laplaian ∆A and a potential V depending only on the loal geometry of E
suh that, for 1 ≤ k ≤ n|X|
c′λk(X,A, V ) ≤ λk(E) ≤ cλk(X,A, V ).
In partiular, if the vetor bundle is at, the potential is zero and ∆A is a
disrete magneti Laplaian.
Roughly speaking, the basi idea of the proof is the same as to prove the
theorem of omparison of spetra between the Laplaian ating on funtions
and the ombinatorial Laplaian ([22℄, Theorem 3.7). But a rst fundamental
dierene between the funtions and the vetor bundles ases is the onstru-
tion of the twisted Laplaian. Indeed, in [22℄ the ombinatorial Laplaian
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appearing in Theorem 3.7 is anonially assoiated to the graph that dis-
retizes the manifold. For vetor bundles, suh a anonial Laplaian on
graphs does not obviously exist. Hene, a rst step of the proof onsists in
onstruting a suitable twisted Laplaian ∆A and a potential V (Setion 3.2)
that will depend only on the loal geometry. The onstrution of ∆A+V dif-
fers aording to the assumptions I) and II). We will work with balls entered
on X and for both ases the onstrution of ∆A relies essentially on hanges
of bases from a ball to a neighboring ball, but for vetor bundles satisfying
II) the denition of ∆A is slightly harder. A more signiant dierene is
the onstrution of the potential V . For rank one vetor bundles, V involves
only the rst eigenvalue of balls (with Neumann boundary ondition), while
in the other ase, we will distinguish "small" eigenvalues of balls from "large"
eigenvalues. In rank one vetor bundles the n rst eigenvalues (of suh a ball)
are the same and orrespond to the minimum of the energy, so that it will
make easier the estimating of V .
After dening the twisted Laplaian and the potential, we follow the same
way of proof as for the ase of funtions, but the underlying analysis is muh
more diult. For instane, we need to establish some Sobolev inequali-
ties for setions that requires ne tools of analysis as Moser's iteration and
Sobolev inequalities for funtions (Lemma A.1 in Appendix). The denition
of the smoothing operator S and the disretizing operator D generalizes in
some sense the similar operators dened by Chavel in [10℄ (Setions VI.5.1
and VI.5.2). Similarly, we establish norms estimations for these operators
S and D (Propositions 3.18 and 3.21) in order to ompare Rayleigh quo-
tients of setions with Rayleigh quotients of funtions on the disretization.
Then, min-max theorem leads to the result for "small" eigenvalues. It sues
moreover to have upper bounds on the respetive spetra (Lemma 3.23) to
ompare "large" eigenvalues and onlude the proof of Theorem 3.1 (Setion
3.6).
3.1 Loal extension
In this setion we dene a way to extend a setion as parallel as possible. In
the ase of at vetor bundles parallel transport is the suitable tool, beause
of the lemma below. Let τx,p denotes the parallel transport from Ep to Ex
along the minimizing geodesi joining p to x (for d(p, x) < 1
2
Inj(M)).
Lemma 3.2 Let (E,∇) be a at Riemannian vetor bundle over a Rieman-
nian manifold (M, g). Let p ∈M and B(p, r) the ball entered at p of radius
r < 1
2
Inj(M). Then for any v ∈ Ep, the setion σ over B(p, r) dened by
σ(x) = τx,pv is parallel.
8
Proof : see [12℄ Setion 2.2.1. ✷
In the non-at ase, extending by parallel transport is not strong enough
for our purpose, beause we need to ontrol the ovariant derivative of suh
extended setions. More preisely, we want to extend in an energy minimizing
way. This means that we have to take into aount loal small eigenvalues.
Hene, we introdue eigensetions of the Neumann problem on balls whih
give an obstrution to extension in a parallel way. Suh eigensetions on
balls assoiated to small eigenvalues are almost parallel (Lemma 3.3) and
will provide a good way to extend setions. Nevertheless, it may happen
that there are no (or only a few) small eigensetions on a ball. In this ase,
parallel transport will be good enough to extend as we will see.
Lemma 3.3 Let (E,∇) ∈ E(n, k1, k2) over (M, g) ∈ M(m, κ, r0). For 0 <
r < 1
2
r0 and p ∈ M , let σ : B(p, r)→ E be a setion suh that ∆σ = λσ for
a onstant λ ≥ 0. Let 0 < θ < 1. Then there exist 0 < c(m) ≤ s ≤ 1 and c,
c′ > 0 depending on an upper bound for λ and on m, n, κ, r, k1, k2 and θ
suh that
‖σ‖∞,θr ≤ c‖σ‖2,r,
‖∇σ‖∞,θr ≤ c′‖∇σ‖s2,r
where ‖ · ‖q,ρ denotes the Lq-norm on the ball entered at p of radius ρ (c′
depends on c‖σ‖2,r too).
Moreover, there exists c′′ > 0 depending on c, c′ and r suh that
|σ(x)− τx,pσ(p)| ≤ c′′‖∇σ‖s2,r
for all x ∈ B(p, θr). If k2 = 0 i.e. if E is of harmoni urvature, then s = 1
in the previous inequalities.
Proof : the idea is to use a Moser iteration to prove the statement. The more
tehnial part of the argument is arried out in the appendix (see Lemma
A.1). In order to use Lemma A.1, let δ > 0 and uδ : B(p, r) → R dened
by uδ =
√|σ|2 + δ. Then in one hand ∆(u2δ) = 2uδ∆uδ − 2|duδ|2 and in the
other hand ∆(u2δ) = 2〈σ,∆σ〉 − 2|∇σ|2 whih implies that
uδ∆uδ ≤ 〈σ,∆σ 〉 = λ|σ|2 ≤ λu2δ.
We an then apply Lemma A.1 to uδ and we get that ‖uδ‖∞,θr ≤ c‖uδ‖2,r.
Then let δ → 0 to obtain the rst laim.
For the seond inequality, let δ > 0 and vδ : B(p, r)→ R dened by vδ(x) =√|∇σ(x)|2 + δ. Then
∆(v2δ ) = 2vδ∆vδ − 2|dvδ|2 = 2〈∇σ,∆(∇σ)〉 − 2|∇∇σ|2.
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But we have that |∇∇σ|2 − |dvδ|2 ≥ 0 and therefore
vδ∆vδ ≤ 〈∇σ,∆(∇σ)〉 = 〈∇σ,∆(∇σ)−∇(∆σ)〉+ λ|∇σ|2.
By a ommuting argument (see [1℄, Lemma 2.3) we have for a loal orthonor-
mal frame {Xi}i=1,...,m of M
〈∇σ,∆(∇σ)−∇(∆σ)〉 =
λ|∇σ|2 − 〈∇Ric(·)σ,∇σ〉 − 2
m∑
i=1
〈RE(Xi, ·)∇Xiσ,∇σ〉 + 〈(d∗RE)σ,∇σ〉
and as Ricci(M, g) ≥ −(m− 1)κg, |RE| ≤ k1 and |d∗RE| ≤ k2 we then get
〈∇σ,∆(∇σ)−∇(∆σ)〉 ≤ (λ+ (m− 1)κ+ 2n2k1) |∇σ|2 + n2k2|σ||∇σ|.
By the rst part of the proof, we obtain that on B(p, θr)
〈∇σ,∆(∇σ)−∇(∆σ)〉 ≤(
λ+ (m− 1)κ+ 2n2k1
) |∇σ|2 + n2k2c‖σ‖2,r|∇σ|
and this implies (on B(p, θr))
∆vδ ≤
(
λ+ (m− 1)κ+ 2n2k1
)
vδ + n
2k2c‖σ‖2,r.
If θ′ < θ we an apply Lemma A.1 to vδ and let δ → 0 to obtain
‖∇σ‖∞,θ′r ≤ c′‖∇σ‖s2,θr ≤ c′‖∇σ‖s2,r. (3.1)
Note that if k2 = 0, then s = 1 and c
′
does not depend on c‖σ‖2,r. The
two rst inequalities in the statement are then true for any θ′ suh that
0 < θ′ < θ < 1. So rename θ′ by θ to obtain the statement.
Finally, reall that if γ is the minimizing geodesi joining p to x ∈ B(p, θr)
of length l (< θr), then |σ(x)− τx,pσ(p)| ≤
∫ l
0
∣∣∇γ˙(t)σ(γ(t))∣∣ dt ≤ l‖∇σ‖∞,θr.
Using (3.1) leads to the result. ✷
From now on, let E ∈ E(n, k1, k2) over M ∈ M(m, κ, r0) and x ε ≤ 120r0.
Let X be an ε-disretization of E. Let σ
p
k : B(p, 10ε) → E be the eigense-
tion assoiated to the kth eigenvalue λk(p) of ∆ on B(p, 10ε) with Neumann
boundary ondition suh that
∫
B(p,10ε)
〈σpk, σpl 〉dV = δklV (p, 10ε).
Remark 3.4 If E is at λ1(p) = . . . = λn(p) = 0 and the σ
p
k's give a loal
orthonormal frame over B(p, 10ε).
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Remark 3.5 If n = 2 (resp. n = 4) and E is of omplex (resp. quater-
nioni) rank one, then λ1(p) = . . . = λn(p). Indeed, the setion iσ
p
1 (resp.
iσ
p
1, jσ
p
1, kσ
p
1 where i, j, k are the quaternions with i
2 = j2 = k2 = −1)
satises ∇(iσp1) = i∇σp1 whih implies that iσp1 is a λ1(p)-eigensetion or-
thogonal to σ
p
1. Hene, we an hoose σ
p
k suh that for any x in B(p, 10ε),
〈σpk(x), σpl (x)〉 = 0 for any 1 ≤ k ≤ n, 1 ≤ l ≤ n, k 6= l.
Lemma 3.6 Let 0 ≤ α < 1
n+1
. There exists δ > 0 depending only on α, m,
n, k1, k2, κ, ε suh that if λk(p) ≤ δ then ∀ 1 ≤ i, j ≤ k and ∀x ∈ B(p, 8ε)
|〈σpi (x), σpj (x)〉−δij | ≤ α. In partiular, if λk(p) ≤ δ, then {σp1(x), . . . , σpk(x)}
spans a k-dimensional vetor subspae of Ex, for any x ∈ B(p, 8ε).
To prove this lemma, let us reall a basi fat of linear algebra (the proof
of the fat is left to the reader). Let V be an n-dimensional vetor spae
provided with an inner produt 〈·, ·〉. If {v1, . . . , vn} ⊆ V is suh that
|〈vi, vj〉 − δij | ≤ α < 1n+1 , then {v1, . . . , vn} is a basis of V . Moreover for any
v =
∑n
i=1 aivi, we have (1−α(n+1))
∑n
i=1 a
2
i ≤ ‖v‖2 ≤ (1+α(n+1))
∑n
i=1 a
2
i .
Suh a basis will be referred as an almost orthonormal basis.
Proof of Lemma 3.6: let fij(x) = 〈σpi (x), σpj (x)〉 and denote by mij its
mean over B(p, 10ε), then
mij =
1
V (p, 10ε)
∫
B(p,10ε)
fijdV = δij .
A result of Kanai ensuring the existene of cK > 0 depending only on ε and
κ (see [10℄, Lemma VI.5.5) and the assumption λk(p) ≤ δ imply
0 ≤
∫
B(p,10ε)
|fij − δij |dV ≤ cK
∫
B(p,10ε)
|dfij|dV ≤ cKV (p, 10ε)
√
δ. (3.2)
Moreover,
inf
x∈B(p, ε
2
)
{|fij(x)− δij|}V
(
p,
ε
2
)
≤
∫
B(p, ε
2
)
|fij(x)− δij |dV (x)
≤ cKV (p, 10ε)
√
δ. (3.3)
The last inequality follows from (3.2). Hene (3.3) implies that there exists
p′ ∈M , d(p, p′) ≤ ε
2
, suh that
|〈σpi (p′), σpj (p′)〉 − δij| ≤ 2cK
V (p, 10ε)
V (p, ε
2
)
√
δ ≤ c
√
δ.
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We onlude then as follows∣∣〈σpi (x), σpj (x)〉 − δij∣∣ ≤∣∣〈σpi (x), σpj (x)〉 − 〈τx,p′σpi (p′), τx,p′σpj (p′)〉∣∣+ ∣∣〈σpi (p′), σpj (p′)〉 − δij∣∣
≤ ∣∣〈σpi (x), σpj (x)〉 − 〈τx,p′σpi (p′), τx,p′σpj (p′)〉∣∣+ c√δ. (3.4)
For any x ∈ B(p, 8ε) the minimizing geodesi xp′ stays in B(p, 9ε), so we an
write∣∣〈σpi (x), σpj (x)〉 − 〈σpi (p′), σpj (p′)〉∣∣ ≤ 9ε‖d〈σpi , σpj 〉‖∞,9ε
≤ 9ε (‖∇σpi ‖∞,9ε‖σpj‖∞,9ε + ‖σpi ‖∞,9ε‖∇σpj‖∞,9ε)
≤ 9εc′ (‖∇σpi ‖s2,10ε‖σpj‖2,10ε + ‖σpi ‖2,10ε‖∇σpj ‖s2,10ε)
where we used Lemma 3.3 in the last inequality. By denition of the σ
p
i 's
and by assumption on λi(p) we get
|〈σpi (x), σpj (x)〉 − 〈σpi (p′), σpj (p′)〉| ≤ c′′
√
δs. (3.5)
Finally, (3.4) and (3.5) imply that for a suiently small δ we have
|〈σpi (x), σpj (x)〉 − δij | ≤
(
c
√
δ + c′′
√
δs
)
≤ α < 1
n+ 1
and this ends the proof. ✷
Denition 3.7 Fix one and for all 0 < α < 1
n+1
. Let δ be given by Lemma
3.6. For p ∈ X, dene then µ(p) as the largest integer suh that λµ(p)(p) ≤ δ.
Remark 3.8 If the vetor bundle is at, µ(p) = n, for any p ∈ X.
For p ∈ X , we want to extend a setion in a neighborhood of p as parallel as
possible and taking are of loal small eigenvalues as said before. So let us
dene the loal extension that assoiates to a vetor in Ep a loal setion
over B(p, 10ε). Consider Eµ(p) the µ(p)-dimensional vetor subspae of Ep
spanned by {σp1(p), . . . , σpµ(p)(p)}. Let E⊥µ(p) be the orthogonal omplement of
Eµ(p) in Ep and hoose {epµ(p)+1, . . . , epn} an orthonormal basis of E⊥µ(p). By
onstrution, {ep1 = σp1(p), . . . , epµ(p) = σpµ(p)(p), epµ(p)+1, . . . , epn} is an almost
orthonormal basis of Ep. We extend this basis on B(p, 10ε) by
e
p
i (x) :=
{
σ
p
i (x) if i ≤ µ(p),
τx,pe
p
i otherwise
and we dene the loal extension of v =
∑n
i=1 vie
p
i by
∑n
i=1 vie
p
i (x).
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Remark 3.9 If E is at, the loal extension orresponds to the extension
by parallel transport along radial geodesis. In this ase, it sues to hoose
any orthonormal basis {ep1, . . . , epn} of Ep and extend it radially to obtain
{ep1(x), . . . , epn(x)}.
Lemma 3.10 For any x ∈ B(p, 8ε), {ep1(x), . . . , epn(x)} is an almost or-
thonormal basis of Ex.
Proof : if µ(p) = 0 the laim is learly true. If µ(p) = n the laim fol-
lows from Lemma 3.6. Hene suppose 1 ≤ µ(p) ≤ n − 1. By Lemma 3.6
〈ep1(x), . . . , epµ(p)(x)〉 is µ(p)-dimensional and as parallel translation preserves
the inner produt 〈ep
µ(p)+1(x), . . . , e
p
n(x)〉 is (n − µ(p))-dimensional. So we
have to show that there exists c > 0 suh that
|〈epi (x), epj (x)〉| ≤ c <
1
n+ 1
, ∀1 ≤ i ≤ µ(p) < j ≤ n.
Let us prove this estimate. As e
p
j (p) and σ
p
i (p) are orthogonal, we have∣∣〈epj(x), epi (x)〉∣∣ = 〈epj(p), τp,xσpi (x)− σpi (p)〉
≤ ∣∣epj (p)∣∣ · |σpi (x)− τx,pσpi (p)| = |σpi (x)− τx,pσpi (p)| .
By Lemma 3.3 |σpi (x) − τx,pσpi (p)| ≤ c′
√
δs. Hene
∣∣〈epj(x), epi (x)〉∣∣ ≤ c′√δs.
Then, readjust δ if neessary to obtain
∣∣〈epj(x), epi (x)〉∣∣ ≤ c < 1n+1 . ✷
Remark 3.11 For the sequel, let δ′ denote a onstant, 0 < δ′ < 1, suh that
(1− δ′)∑ni=1 v2i ≤ |∑ni=1 viepi (x)|2 ≤ (1 + δ′)∑ni=1 v2i , for any x ∈ B(p, 8ε).
Lemma 3.12 There exists a positive onstant c depending only on n, k1, ε
suh that for any p ∈ X and any µ(p) < i ≤ n, ‖∇epi ‖∞,9ε ≤ c.
Proof : let x ∈ B(p, 9ε) and onsider γ the minimizing geodesi from p to x
of length l (l < 9ε) and {X1 = γ˙(t), X2, . . . , Xn} an orthonormal basis of Ex
with ∇XiXj = 0. Then
|∇epi (x)|2 =
n∑
j=1
∣∣∇Xjepi (x)∣∣2 ≤ n∑
j=1
(∫ l
0
∣∣∇γ˙(t)∇Xjepi (x)∣∣ dt)2
but |RE(γ˙(t), Xj)epi | = |∇γ˙(t)∇Xjepi | ≤ k1. Therefore |∇epi (x)|2 ≤ k21l2n and
this onludes the proof. ✷
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3.2 Constrution of the twisted Laplaian
The onstrution of ∆A diers aording to the assumptions done on E.
However, the basi idea is the same in all ases and relies on the fat that A
has to express the holonomy. So let us onsider p,q ∈ X , p ∈ N(q) and let
x ∈ B(p, 8ε) ∩B(q, 8ε). Then dene a(p, q)ij(x) by
e
p
j (x) =
n∑
i=1
a(p, q)ij(x)e
q
i (x) ∀j = 1, . . . , n
where e
p
i , e
q
j are dened in Setion 3.1. We dene A(p, q) : R
n → Rn on
the anonial basis {e1, . . . en} of Rn by A(p, q)ej =
∑n
i=1A(p, q)ijei, where
A(p, q)ij is dened as follows.
If E is of harmoni urvature then dene A(p, q)ij by
A(p, q)ij = a(p, q)ij(q)
If E is of omplex (or quaternioni) rank one then dene A(p, q)ij by
A(p, q)ij =
1
Vpq
∫
Bpq
a(p, q)ij(x)dV (x)
where Bpq is the ball entered at the mid-point of p and q of radius 5ε and
Vpq denotes its volume. Note that Bpq ⊇ B(p, 3ε) ∪B(q, 3ε).
Remark 3.13 In the anonial basis of R
n
, we an write
DAf(p, q) =
n∑
i=1
DAf(p, q)iei =
n∑
i=1
(
fi(q)−
n∑
j=1
A(p, q)ijfj(p)
)
ei
Remark 3.14 If E is of harmoni urvature, we have by denition
e
p
j (q) =
∑n
i=1A(p, q)ije
q
i (q), ∀j = 1, . . . , n.
Remark 3.15 If E is at, a(p, q)ij(x) is onstant and so for j = 1, . . . , n
and for any x ∈ B(p, 8ε) ∩ B(q, 8ε), epj (x) =
∑n
i=1A(p, q)ije
q
i (x). Moreover,
in this ase A(p, q)A(p, q)t = Id and A(p, q)t = A(q, p). So that ∆A is a
disrete magneti Laplaian.
If E is of harmoni urvature let V : F(X)→ F(X) be dened by
(V f)(p) =
∑
i≤µ(p)
λi(p)fi(p)ei +
∑
i>µ(p)
fi(p)ei.
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If E is of omplex (or quaternioni) rank one let V : F(X) → F(X)
be dened by
(V f)(p) =
λ1(p) + ∑
q∈N(p)
λ1(q)
 f(p). (3.6)
Remark 3.16 If the vetor bundle is at, then we have V = 0.
3.3 Smoothing operator
Denition 3.17 Let {ψp}p∈X be a partition of unity subordinate to the over
{B(p, 2ε)}p∈X. Dene the smoothing operator S : F(X)→ Γ(E) by
(Sf)(x) =
∑
p∈X
ψp(x)
(
n∑
i=1
fi(p)e
p
i (x)
)
where f(p) =
∑n
i=1 fi(p)ei.
Proposition 3.18 There exist onstants c0, c1, c2 and Λ > 0 depending only
on m, n, k1, k2, κ and ε suh that
i) ∀f ∈ F(X), ‖Sf‖2 ≤ c0‖f‖2,
ii) ∀f ∈ F(X), ‖∇(Sf)‖2 ≤ c1 (‖DAf‖2 + (V f, f)),
iii) ∀f ∈ F(X) with ‖DAf‖2 + (V f, f) ≤ Λ‖f‖2, ‖Sf‖2 ≥ c2‖f‖2 holds.
Proof : for the rst inequality note that {B(p, ε)}p∈X overs M . Hene
‖Sf‖2 ≤
∑
q∈X
∫
B(q,ε)
∣∣∣∣∣∣
∑
p∈B(q,3ε)∩X
ψp(x)
n∑
i=1
fi(p)e
p
i (x)
∣∣∣∣∣∣
2
dV (x)
≤ (1 + δ′)
∑
q∈X
V (q, ε)
∑
p∈B(q,3ε)∩X
|f(p)|2 ≤ (1 + δ′)c‖f‖2.
In order to prove ii) x q ∈ X and let x ∈ B(q, ε). Then as {ψp}p∈X is a
partition of unity, we have
∑
p∈X dψp = 0, so that we an write
∇(Sf)(x) =
∑
p∈B(q,3ε)∩X
ψp(x)
( n∑
i=1
fi(p)∇epi (x)
)
+
∑
p∈N(q)
dψp(x)
( n∑
i=1
fi(p)e
p
i (x)−
n∑
i=1
fi(q)e
q
i (x)
)
. (3.7)
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Then, Lemma 3.12 implies
∫
B(q,ε)
∣∣∣∣∣∣
∑
p∈B(q,3ε)∩X
ψp(x)
( n∑
i=1
fi(p)∇epi (x)
)∣∣∣∣∣∣
2
dV (x) ≤
n
∑
p∈B(q,3ε)∩X
∑
i≤µ(p)
fi(p)
2
∫
B(q,ε)
|∇epi (x)|2dV (x) + c
∑
i>µ(p)
fi(p)
2

≤ c′
∑
p∈B(q,3ε)∩X
(V f) (p) · f(p). (3.8)
To estimate the seond term of (3.7), we need the following lemma.
Lemma 3.19 There exists a positive onstant c depending only on m, n, k1,
k2, κ and ε suh that∫
B(q,ε)
∣∣∣∣∣
n∑
i=1
fi(p)e
p
i (x)−
n∑
i=1
fi(q)e
q
i (x)
∣∣∣∣∣
2
≤
c
(|DAf(q, p)|2 + (V f)(p) · f(p) + (V f)(q) · f(q)) .
Proof : see Appendix A.1. ✷
Hene by (3.8), (3.7) and Lemma 3.19 we get∫
B(q,ε)
|∇(Sf)(x)|2dV (x) ≤
c′′
∑
p∈B(q,3ε)∩X
(
|DAf(q, p)|2 + (V f)(p) · f(p) + (V f)(q) · f(q)
)
.
Then summing on q ∈ X implies the laim.
To prove the third part of Proposition 3.18, dene (Sqf)(x) =
n∑
i=1
fi(q)e
q
i (x)
for x in B(q, ε
2
). Then, by Lemma 3.19 we get∫
B(q, ε
2
)
|(Sf)(x)− (Sqf)(x)|2 dV (x) =
∫
B(q, ε
2
)
∣∣∣∣∣∣
∑
p∈N(q)
ψp(x)
n∑
j=1
(
fj(p)e
p
j (x)− fj(q)eqj(x)
)∣∣∣∣∣∣
2
dV (x) ≤
c
∑
p∈N(q)
(|DAf(q, p)|2 + (V f)(p) · f(p) + (V f)(q) · f(q)) . (3.9)
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As the balls of radius
ε
2
entered on X are disjoint, we an write
‖Sf‖2 ≥
∑
q∈X
∫
B(q, ε
2
)
|(Sqf(x)− Sf(x))− Sqf(x)|2 dV (x)
≥
∑
q∈X
∫
B(q, ε
2
)
|Sqf(x)|2 dV (x)
−2
∑
q∈X
∫
B(q, ε
2
)
|Sqf(x)| |Sf(x)− Sqf(x)| dV (x).
By onstrution, (1− δ′)|f(q)|2 ≤ |Sqf(x)|2 ≤ (1+ δ′)|f(q)|2 and by Cauhy-
Shwarz inequality ombined with (3.9), we get
∑
q∈X
∫
B(q, ε
2
)
|Sqf(x)| |Sf(x)− Sqf(x)| dV (x)
≤ c′(1 + δ′)‖f‖
√
‖DAf‖2 + (V f, f).
Hene, ‖Sf‖2 ≥ (1− δ′)c′′‖f‖2− 2c′(1 + δ′)‖f‖√‖DAf‖2 + (V f, f). Choose
Λ > 0 suiently small so that if f satises ‖DAf‖2+(V f, f) ≤ Λ‖f‖2, then
‖Sf‖2 ≥ ‖f‖2
(
(1− δ′)c′′ − 2c′(1 + δ′)
√
Λ
)
≥ (1− δ
′)c′′
2
‖f‖2.
This onludes the proof of Proposition 3.18. ✷
3.4 Disretizing operator
Denition 3.20 Dene the disretizing operator D : Γ(E)→ F(X) by
(Ds)(p) =
n∑
i=1
1
V (p, 3ε)
∫
B(p,3ε)
s
p
i (x)dV (x)ei
where s(x) =
∑n
i=1 s
p
i (x)e
p
i (x) for x in B(p, 3ε).
Proposition 3.21 There exist onstants c′0, c
′
1, c
′
2 and Λ
′ > 0 depending
only on m, n, κ, k1, k2 and ε suh that
i) ∀s ∈ Γ(E), ‖Ds‖2 ≤ c′0‖s‖2,
ii) ∀s ∈ Γ(E), ‖DA(Ds)‖2 + (V (Ds),Ds) ≤ c′1‖∇s‖2,
iii) ∀s ∈ Γ(E) suh that ‖∇s‖2 ≤ Λ′‖s‖2, ‖Ds‖2 ≥ c′2‖s‖2 holds.
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Proof : the rst point follows diretly from the following inequality
|Ds(p)|2 ≤ c
∫
B(p,3ε)
n∑
i=1
|spi (x)|2dV (x) ≤ c(1− δ′)−1
∫
B(p,3ε)
|s(x)|2dV (x).
To prove the seond point, we rst prove that
‖DA(Ds)‖2 + (V (Ds),Ds) ≤ c
(
‖∇s‖2 +
∑
p∈X
(
V˜ s
)
(p)
)
(3.10)
where if E is of harmoni urvature then
(
V˜ s
)
(p) =
∑
i≤µ(p)
λi(p)
∫
B(p,3ε)
|spi |2dV +
∑
i>µ(p)
∫
B(p,3ε)
|spi |2dV

and if E is of omplex (or quaternioni) rank one
(
V˜ s
)
(p) =
λ1(p) + ∑
q∈N(p)
λ1(q)
∫
B(p,3ε)
|s|2dV
and s is written loally as s(x) =
∑n
i=1 s
p
i (x)e
p
i (x) for x ∈ B(p, 8ε). First,
|(Ds)(p)j|2 ≤ c
∫
B(p,3ε)
|spj(x)|2dV (x) implies obviously
(V (Ds),Ds) ≤
∑
p∈X
c′
(
V˜ s
)
(p). (3.11)
Seondly, for p and q ∈ N(p) let us introdue B′pq ⊆ B(p, 3ε) ∩ B(q, 3ε) the
ball entered at the mid-point of p and q of radius ε and V ′pq its volume. Then
|DA(Ds)(q, p)|2 =
n∑
i=1
(
1
V ′pq
∫
B′pq
∣∣∣∣∣Ds(p)i −
n∑
j=1
A(q, p)ijDs(q)j
∣∣∣∣∣ dV (y)
)2
≤ 3
n∑
i=1
(
1
V ′pq
∫
B′pq
|Ds(p)i − spi (y)| dV (y)
)2
(3.12)
+ 3
n∑
i=1
(
1
V ′pq
∫
B′pq
∣∣∣∣∣
n∑
j=1
A(q, p)ij
(
s
q
j(y)−Ds(q)j
)∣∣∣∣∣ dV (y)
)2
(3.13)
+ 3
n∑
i=1
(
1
V ′pq
∫
B′pq
∣∣∣∣∣spi (y)−
n∑
j=1
A(q, p)ijs
q
j(y)
∣∣∣∣∣ dV (y)
)2
. (3.14)
18
We estimate eah of the three terms separately.
By a result of Kanai (see [10℄, Lemma VI.5.5), there exists cK > 0 depending
only on ε and κ suh that
1
V ′pq
∫
B′pq
|Ds(p)i − spi (y)| dV (y) ≤ cK
∫
B(p,3ε)
|dspi (y)| dV (y).
Moreover
√
1− δ′ |dspi (y)| ≤
∣∣∣∣∣
n∑
j=1
ds
p
j (y)e
p
j(y)
∣∣∣∣∣ =
∣∣∣∣∣∇s(y)−
n∑
j=1
s
p
j (y)∇epj(y)
∣∣∣∣∣ . (3.15)
Therefore
√
1− δ′
∫
B(p,3ε)
|dspi (y)| dV (y) ≤(
V (p, 3ε)
∫
B(p,3ε)
|∇s(y)|2dV (y)
) 1
2
+ n
n∑
j=1
‖∇epj‖2,3ε‖spj‖2,3ε
so that we obtain by Lemma 3.12 and by onstrution of e
p
j
n∑
i=1
(∫
B(p,3ε)
|dspi (y)| dV (y)
)2
≤ c
∫
B(p,3ε)
|∇s(y)|2dV (y) + cV˜ s(p).
We have then the following upper bound for (3.12)
n∑
i=1
(
1
V ′pq
∫
B′pq
|Ds(p)i − spi (y)| dV (y)
)2
≤ c2Kc
(∫
B(p,3ε)
|∇s(y)|2dV (y) +
(
V˜ s
)
(p)
)
. (3.16)
By the same kind of arguments as for (3.12) and using that
∑n
i,j=1 |A(q, p)ij|2
is bounded above by a uniform onstant, we an bound (3.13) as follows
n∑
i=1
(
1
V ′pq
∫
B′pq
∣∣∣∣∣
n∑
j=1
A(q, p)ij
(
s
q
j(y)−Ds(q)j
)∣∣∣∣∣ dV (y)
)2
≤
c′
(∫
B(q,3ε)
|∇s(y)|2dV (y) +
(
V˜ s
)
(q)
)
. (3.17)
The last term (3.14) is then bounded by the following lemma
19
Lemma 3.22 There exists a positive onstant c depending only on m, n, k1,
k2, κ and ε suh that
n∑
i=1
(∫
B′pq
∣∣∣∣∣spi (y)−
n∑
j=1
A(q, p)ijs
q
j(y)
∣∣∣∣∣ dV (y)
)2
≤
c
((
V˜ f
)
(p) +
(
V˜ f
)
(q)
)
.
Proof : see Appendix A.2. ✷
Finally, (3.16), (3.17) and Lemma 3.22 imply that
|DA(Ds)(p, q)|2 ≤ c′′
 ∫
B(p,3ε)
|∇s(y)|2dV (y) +
∫
B(q,3ε)
|∇s(y)|2dV (y)

+ c′′
((
V˜ s
)
(p) +
(
V˜ s
)
(q)
)
.
Taking the sum over p and q leads to
‖DA(Ds)‖2 ≤ c′′′
(
‖∇s‖2 +
∑
p∈X
(
V˜ s
)
(p)
)
(3.18)
so that (3.18),(3.11) imply (3.10). In order to onlude the proof of point ii)
of this lemma, we have to show that there exists c > 0 suh that∑
p∈X
(
V˜ s
)
(p) ≤ c‖∇s‖2. (3.19)
Fix q ∈ X , let B = B(q, 10ε), V (B) its volume. Let (·, ·)B and ‖ · ‖B the
L2-inner produt respetively the L2-norm on E restrited to B. We are
going to show that there exists c > 0 suh that(
V˜ s
)
(q) ≤ c
∑
p∈B(q,3ε)∩X
‖∇s‖2B(p,10ε). (3.20)
Then (3.19) is a diret onsequene of (3.20). To prove (3.20) we have to
onsider separately the ases E is of omplex (or quaternioni) rank one and
E is of harmoni urvature.
Assume E is of rank one. The proof of (3.20) in this ase is muh easier
than in the other ase as the potential involves only the rst eigenvalue of
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the ball. Reall that λ1(q) ≤ ‖∇s‖
2
B
‖s‖2B
for any non-zero s. Therefore and as
B(q, 3ε) ⊆ B(p, 10ε) for any p ∈ N(q)(
V˜ s
)
(q) ≤ ‖s‖2B(q,3ε)
∑
p∈B(q,3ε)∩X
‖∇s‖2B(p,10ε)
‖s‖2
B(p,10ε)
≤
∑
p∈B(q,3ε)∩X
‖∇s‖2B(p,10ε)
and this onludes the rst ase.
Assume E is of harmoni urvature. If y ∈ B, write s(y) as a sum of
orthogonal setions (with respet to (·, ·)B) s(y) = s˜(y) + s⊥(y) with s˜(y) =∑
j≤µ(q)
(s,eqj )B
V (B)
e
q
j(y). We have the following properties of the deomposition.
(s⊥, eqj)B = 0 , ∀j ≤ µ(q),
‖s‖2B = ‖s⊥‖2B + ‖s˜‖2B,
‖s˜‖2B =
∑
j≤µ(q)
(s, eqj)
2
B
V (B)
,
(∇s⊥,∇s˜)B = 0,
‖∇s‖2B = ‖∇s⊥‖2B + ‖∇s˜‖2B,
‖∇s˜‖2B =
∑
j≤µ(q)
(s, eqj)
2
B
V (B)
λj(q).
Consider then two ases. First assume ‖s⊥‖2B = 0. Then s(y) = s˜(y) whih
means that if y ∈ B(p, 10ε)
s
q
j(y) =
{
0 if j > µ(q),
(s,eqj)B
V (B)
if j ≤ µ(q).
Therefore(
V˜ s
)
(q) =
 ∑
j≤µ(q)
λj(q)
∫
B(q,3ε)
|sqj |2dV +
∑
j>µ(q)
∫
B(q,3ε)
|sqj |2dV

= V (q, 3ε)
∑
j≤µ(q)
(s, eqj)
2
B
V (B)2
λj(q) ≤ c‖∇s˜‖2B.
Moreover as s⊥ is zero ‖∇s˜‖2B = ‖∇s‖2B and so in this ase (3.20) is veried.
For the seond ase, assume ‖s⊥‖2B 6= 0. Then apply max-min theorem to s⊥
to obtain λµ(q)+1(q) ≤ ‖∇s
⊥‖2B
‖s⊥‖2B
and by denition of µ(q) this implies that
δ‖s⊥‖2B ≤ ‖∇s⊥‖2B. (3.21)
Moreover, let us rewrite s⊥ as follows, for y ∈ B(q, 8ε)
s⊥(y) =
∑
j≤µ(q)
(
s
q
j(y)−
(s, eqj)B
V (B)
)
e
q
j(y) +
∑
j>µ(q)
s
q
j(y)e
q
j(y).
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As {eqj(y)} is an almost orthonormal basis, we obtain for y ∈ B(q, 8ε)
∑
j≤µ(q)
∣∣∣∣sqj(y)− (s, eqj)BV (B)
∣∣∣∣2 + ∑
j>µ(q)
|sqj(y)|2 ≤ (1− δ′)−1|s⊥(y)|2.
In partiular, this implies∑
j>µ(q)
∫
B(q,3ε)
|sqj(y)|2dV (y) ≤ (1− δ′)−1‖s⊥‖2B (3.22)
and∑
j≤µ(q)
λj(q)
∫
B(q,3ε)
|sqj(y)|2dV (y) ≤
2
∑
j≤µ(q)
λj(q)
∫
B(q,3ε)
∣∣∣∣sqj(y)− (s, eqj)BV (B)
∣∣∣∣2 dV (y) + 2 ∑
j≤µ(q)
(s, eqj)
2
B
V (B)
λj(q)
≤ 2δ
1− δ‖s
⊥‖2B + 2‖∇s˜‖2B. (3.23)
Then (3.22) and (3.23) imply that
(
V˜ s
)
(q) ≤ c (‖s⊥‖2B + ‖∇s˜‖2B). Use
(3.21) together with this inequality to obtain (3.20) and therefore (3.19).
Finally (3.10) together with (3.19) imply ii).
To prove iii) onsider the following sum. By the work of Buser (Lemma 5.1
in [8℄), there exists cB > 0 depending only on m, κ and ε suh that
n∑
i=1
∫
B(p,3ε)
|Ds(p)i − spi (x)|2 dV (x) ≤ cB
n∑
i=1
∫
B(p,3ε)
|dspi (x)|2 dV (x).
Moreover, using (3.15) we obtain
n∑
i=1
∫
B(p,3ε)
|Ds(p)i − spi (x)|2 dV (x) ≤
2ncB
1− δ′
(∫
B(p,3ε)
|∇s(y)|2dV (y) + n
n∑
j=1
‖∇epj‖2∞,3ε‖spj (y)‖22,3ε
)
. (3.24)
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Therefore, from (3.24) we obtain
|Ds(p)|2 ≥ c
∫
B(p,3ε)
n∑
i=1
|(spi (x)−Ds(p)i)− spi (x)|2 dV (x)
≥ c
∫
B(p,3ε)
n∑
i=1
|spi (x)|2dV (x)− 2c
∫
B(p,3ε)
n∑
i=1
|spi (x)||Ds(p)i − spi (x)|dV (x)
≥ c′‖s‖2B(p,3ε) − c′′‖s‖B(p,3ε)
(
‖∇s‖2B(p,3ε) +
n∑
j=1
‖∇epj‖2∞,3ε‖spj‖22,3ε
) 1
2
(3.25)
Assume E is of harmoni urvature and ombine Lemma 3.3 and Lemma
3.12 with (3.25) to obtain
|Ds(p)|2 ≥ c′‖s‖2B(p,3ε) − c′′‖s‖B(p,3ε)
(
‖∇s‖2B(p,3ε) +
(
V˜ s
)
(p)
) 1
2
.
Moreover, by (3.20)
(
V˜ s
)
(p) is bounded above by c
∑
q∈B(p,3ε)∩X
‖∇s‖2B(q,10ε).
Then, taking the sum over p ∈ X produes new c′, c′′ > 0 suh that
‖Ds‖2 ≥ c′‖s‖2 − c′′‖s‖‖∇s‖.
Finally, if ‖∇s‖2 ≤ Λ′‖s‖2, we get ‖Ds‖2 ≥ ‖s‖2(c′ − c′′√Λ′). Choose then
Λ′ suitably to onlude the proof of the proposition in this ase.
Assume E is of rank one. If λ1(p) ≤ δ, by Lemma 3.3, ‖∇epj‖2∞,3ε ≤ cλs1(p).
If λ1(p) > δ, by Lemma 3.12 ‖∇epj‖2∞,3ε ≤ c ≤ cδ−1λ1(p). Therefore, (3.25)
an be hanged in (with new onstants c, c′, c′′ )
|Ds(p)|2 ≥

(c′−cλ
s
2
1 (p))‖s‖
2
B(p,3ε)
−c′′‖s‖B(p,3ε)‖∇s‖B(p,3ε) if λ1(p) ≤ δ,
c′‖s‖2
B(p,3ε)
−c′′‖s‖B(p,3ε)‖∇s‖B(p,10ε) otherwise.
By hoosing δ smaller, we an assume that if λ1(p) ≤ δ, c′−cλ1(p) s2 ≥ c′′′ > 0.
This implies that (for any values of λ1(p))
|Ds(p)|2 ≥ c′′′‖s‖2B(p,3ε) − c′′‖∇s‖B(p,3ε)‖s‖B(p,10ε).
Then, take the sum over p ∈ X to obtain for ‖∇s‖ ≤ Λ′‖s‖
‖Ds‖2 ≥ c′′′‖s‖2 − c′′‖∇s‖‖s‖ ≥ ‖s‖2(c′′′ − c′′
√
Λ′)
and onlude hoosing Λ′ suitably. ✷
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3.5 Upper bounds
Lemma 3.23 Let m, n, k1, k2, κ, r0, ε be as before. Then there exist
positive onstants c3 and c
′
3 depending only on m, n, k1, k2, κ, ε so that for
any vetor bundle E ∈ E(n, k1, k2) over any M ∈ M(m, κ, r0), for any X
ε-disretization of E and for ∆A + V onstruted in Setion 3.2, we have
i) λk(E) ≤ c3, ∀k ≤ n|X|,
ii) λk(X,A, V ) ≤ c′3, ∀k ≤ n|X|.
Proof : i) Let pi be a vertex ofX and onsider fi :M → R the rst eigenfun-
tion of the Dirihlet problem for the ball entered at pi of radius
ε
2
extended
by zero. By Cheng's omparison theorem
‖dfi‖2
‖fi‖2
≤ λ1
(
ε
2
, κ
)
(where λ1
(
ε
2
, κ
)
denotes the rst non-zero eigenvalue of the Dirihlet problem on the ball of
radius
ε
2
in the simply onneted spae of onstant setional urvature −κ
and of same dimension as M). Dene then the setions σij(x) = fi(x)e
pi
j (x)
for 1 ≤ i ≤ |X|, and 1 ≤ j ≤ n. Then {σij | 1 ≤ i ≤ |X|, 1 ≤ j ≤ n} spans
a vetor subset W of Γ(E) of dimension n|X| as {epij }j=1,...,n is an almost
orthonormal frame. Moreover
∇σij(x) = dfi(x)epij (x) + fi(x)∇epij (x)
hene by onstrution of e
pi
j and Lemma 3.3 and Lemma 3.12, we have
‖∇σij‖2 ≤ c
(‖dfi‖2 + ‖fi‖2)
so that by denition of the fi's
‖∇σij‖2 ≤ c‖fi‖2
(
1 + λ1
(ε
2
, κ
))
.
By min-max theorem we get then
λk(E) ≤ c′max
{∑
i,j a
2
ij‖∇σ
i
j‖
2∑
i,j a
2
ij‖σ
i
j‖
2
}
≤ c′c
(
1 + λ1
(ε
2
, κ
))
.
This onludes the rst part of the lemma.
ii) Let f ∈ F(X). As A(p, q) is a hange of almost orthonormal bases we
have
‖DAf‖2 + (V f, f) = 1
2
∑
p∈X
∑
q∈N(p)
|f(q)− A(p, q)f(p)|2 +
∑
p∈X
(V f)(p) · f(p)
≤ c
∑
p∈X
∑
q∈N(p)
(|f(p)|2 + |f(q)|2)+max{δ, 1}‖f‖2
≤ (2cνX +max{δ, 1}) ‖f‖2.
Therefore, R(f) ≤ 2cνX + max{δ, 1}, ∀f ∈ F(X) \ {0} and this implies
λk(X,A, V ) ≤ 2cνX +max{δ, 1}, ∀k ≤ n|X|. ✷
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3.6 Conlusion
Proof of Theorem 3.1: by symmetry of the results onerning the smooth-
ing and the disretizing, it sues to dedue λk(E) ≤ cλk(X,A, V ). The
proof proeeds in two steps.
First, assume that k is suh that λk(X,A, V ) ≥ Λ, for Λ given by Proposition
3.18 iii). Then, Lemma 3.23 i) leads to λk(E) ≤ c3Λ−1λk(X,A, V ).This is
the required inequality.
Seondly, assume that k is suh that λk(X,A, V ) ≤ Λ. Let Wk be the k-
dimensional vetor subspae of F(X) spanned by fi : X → Rn, i = 1, . . . , k,
λi(X,A, V )-eigenfuntion of∆A hosen so that (fi, fj) = δij |X|. By min-max
theorem, λk(X,A, V ) = max{R(f) : f ∈ Wk \ {0}}. Let then SWk be the
vetor subspae of Γ(E) spanned by the Sfi's i.e. SWk = 〈Sf1, . . . ,Sfk〉 =
{Sf | f ∈ Wk \ {0}}. As λk(X,A, V ) ≤ Λ, for any non-zero funtion f in
Wk, we have ‖DAf‖2+(V f, f) ≤ Λ‖f‖2. Hene, by Proposition 3.18 iii), for
any f in Wk, ‖Sf‖2 ≥ c2‖f‖2 holds. In partiular, Sf is the zero funtion
if and only if f is zero whih means that SWk is k-dimensional. So we an
apply min-max theorem to SWk and obtain
λk(E) ≤ max{R(Sf) | f ∈ Wk \ {0}}.
Moreover, by Proposition 3.18 ii) and iii) we obtain that R(Sf) ≤ c1
c2
R(f)
for any non-zero f in Wk, whih leads to
λk(E) ≤ c1
c2
max{R(f) | f ∈ Wk \ {0}} = c1
c2
λk(X,A, V ).
This onludes the proof. ✷
4 Estimation of the rst non-zero eigenvalue
for a at vetor bundle
Let (En,∇) be a at Riemannian vetor bundle with irreduible holonomy
over M ∈ M(m, κ, r0). We reall the denition of the onstant related to
the holonomy given by Ballmann, Brüning and Carron in [2℄. If c is a unit
speed loop, denote by Hc its holonomy. Then there exists α > 0 suh that
∀x ∈ M , ∀v ∈ Ex there exists a smooth unit speed loop cx,v of length less
than two diameters of M suh that
|Hcx,v(v)− v| ≥ α|v|. (4.1)
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The following theorem shows that if E has signiant holonomy, then the
rst eigenvalue of ∆ an not be too small. Conversely, if there exists v in Ex
whih has a small holonomy, then the rst eigenvalue is not too large.
Theorem 4.1 Let (En,∇) be a at Riemannian vetor bundle over M ∈
M(m, κ, r0) with irreduible holonomy. Then there exist c, c′ > 0 depending
only on m, n, κ, r0 suh that
λ1(E) ≥ c′ α
2
d(M)2cd(M)
where d(M) denotes the diameter of M .
Moreover, if there exist p0 ∈ M , v0 ∈ Ep0 and α′ suh that for any loop c at
p0 of length less than 7d(M), |Hc(v0)− v0| ≤ α′|v0| then, there exists c′′ > 0
depending only on n, m, κ and r0 suh that
λ1(E) ≤ c′′α′2.
The rst part of the theorem is in fat due to Ballmann, Brüning and Carron
(see [2℄). We present here a more oneptual proof that relies on the fat
that the disrete magneti Laplaian assoiated to a disretization of a at
bundle is strongly related to the holonomy of the vetor bundle.
Proof : let ε = 1
100
r0 and letX be an ε-disretization of E. Then by Theorem
3.1 there exist∆A a disrete magneti Laplaian and c > 0 suh that λ1(E) ≥
cλ1(X,A). So it sues to prove the statement for λ1(X,A). Let f ∈ F(X)
suh that ∆Af = λf . Let p0 ∈ X and v0 =
∑n
i=1 fi(p0)e
p0
i ∈ Ep0 . By (4.1),
there exists a smooth unit speed loop c0 : [0, l]→ M at p0 of length l ≤ 2d(M)
and |Hc0(v0) − v0| ≥ α|v0|. Let N ∈ N suh that N ε2 ≤ l < (N + 1) ε2 and
onsider a partition of [0, l], 0 = t0 < t1 < . . . < tN−1 < tN = l suh that
ε
2
≤ tj − tj−1 ≤ ε. By denition of X , ∀j = 1, . . . , N − 1, ∃pj ∈ X suh that
d(pj, c0(tj)) < ε. Moreover, let pN = p0 ∈ X . Note that d(pj−1, pj) < 3ε.
Consider then the pieewise geodesi loop c0 at p0 passing through all pj,
j = 1, . . .N − 1 (i.e c0 joins pj−1 to pj via the minimizing geodesi pj−1pj).
Note that c0 is of length less than 3Nε ≤ 12d(M). Moreover, as E is at, the
holonomy of c0 is the same as the holonomy of c0. More preisely, parallel
translation from c0(tj−1) to c0(tj) along c0 is the same as parallel translation
along minimizing geodesis from c0(tj−1) to pj−1, then from pj−1 to pj and
nally from pj to c0(tj). Hene Hc0(v) = Hc0(v) for any v ∈ Ep0 . So that we
obtain
|Hc0(v0)− v0| ≥ α|v0| = α|f(p0)|.
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Consider then vj =
∑n
i=1 fi(pj)e
pj
i ∈ Epj . By triangle inequality and as
parallel transport is an isometry, we obtain easily the following inequality
α|f(p0)| ≤
N∑
j=1
|τpj ,pj−1vj−1 − vj |.
Moreover, by onstrution of DA we have
|τpj ,pj−1vj−1 − vj| =
∣∣∣∣∣
n∑
i=1
fi(pj−1)τpj ,pj−1e
pj−1
i −
n∑
i=1
fi(pj)e
pj
i
∣∣∣∣∣
=
∣∣∣∣∣
n∑
i=1
(
n∑
k=1
A(pj−1, pj)ikfk(pj−1)− fi(pj)
)
e
pj
i
∣∣∣∣∣
= |DAf(pj−1, pj)|.
This implies that α|f(p0)| ≤ |DAf(p0, p1)| + . . . + |DAf(pN−1, pN)|. We
have shown that for any p0 ∈ X , there exists a pieewise geodesi loop
c0 = {p0, p1, . . . , pN} of length less than 12d(M) suh that
α2|f(p0)|2 ≤ 4d(M)
ε
(|DAf(p0, p1)|2 + . . .+ |DAf(pN−1, pN)|2)
and d(pj−1, pj) < 3ε. The goal is to apply this last inequality to ‖f‖2. To
that end, we need to nd an upper bound for the number of loops of the
kind {p, q, . . . , p} that an pass through p ∈ X and q ∈ N(p) and of length
less than 12d(M). This upper bound on the length of the loop implies that
suh a loop an pass through at most P ≤ 12d(M)
ε
points of X . Therefore,
there are at most νP−1 loops of the kind {p, q, . . . , p} and eah of these loops
is suitable for P points in X . Hene, we obtain
α2‖f‖2 ≤ PνP−18d(M)
ε
‖DAf‖2
≤ 72d(M)
2
ε2
ν12
d(M)
ε ‖DAf‖2.
This leads then to the onlusion of the rst part α2 ε
2
72d(M)2ν12
d(M)
ε
≤ λ.
To prove the seond part of the theorem let ε = 1
100
r0 and X be an ε-
disretization of E suh that p0 ∈ X . Reall that X is the set of verties
of a nite onneted graph G. Then onstrut a spanning tree S of G (see
[4℄, Setion I.2) as follows. Let Xi = {p ∈ X | dG(p, p0) = i} where dG
denotes the path metri on G. Note that if q is in Xi then there exists q
′
in
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Xi−1 whih is joined by an edge to q. Let then S be the subgraph of G with
verties set X and edges set E(S) = {qq′ | q 6= p0}. We have onstruted a
spanning tree S of G.
By onstrution of S, for any p in X there exists a unique urve cp in S
joining p to p0 (i.e. cp is a pieewise geodesi urve {p, . . . , p0} suh that
two onseutive points of X in cp are joined in S). Moreover the length of
suh a cp is bounded above by 3d(M). Now, hoose in Ep0 an orthonormal
basis {ep01 , . . . , ep0n } and dene an orthonormal basis Bp of Ep by Bp = {epi =
τcpe
p0
i }i=1,...,n, where τcp denotes parallel transport along cp from p0 to p.
Then e
p
i (x) = τx,pe
p
i gives a loal orthonormal frame made of parallel setions.
Hene, onsider the disrete magneti Laplaian ∆A assoiated to this hoie
of bases (onstruted as in Setion 3.2) whih satises λ1(E) ≤ cλ1(X,A) by
Theorem 3.1. So that it sues to prove the result for the rst eigenvalue
of ∆A. By min-max theorem λ1(X,A) ≤ R(f) for any non-zero funtion on
X . So onsider f : X → Rn dened by f(p) = ∑ni=1 viei where the vi's are
the oordinates of v0 in the basis Bp0 . If p and q are neighboring points in
X suh that d(p, p0) ≤ d(q, p0) and p ∈ cq, then we have τq,pepj = eqj . Hene
in this ase A(p, q)ij = δij and so DAf(p, q) = 0. In the other ase i.e. if
p ∈ N(q), d(p, p0) ≤ d(q, p0) and p is not on cq, onsider the loop c at x0
going from x0 to p via cp, from p to q via the minimizing geodesi pq and
from q to x0 via c
−1
q . Then c is of length less than 7d(M) and by assumption
|Hc(v0)− v0| ≤ α′|v0|. (4.2)
But, we have Hc(v0) = τ
−1
cq
τq,pτcpv0 and
〈Hc(v0), ep0i 〉 =
〈
n∑
j=1
τq,pe
p
j , e
q
i
〉
=
n∑
j=1
A(p, q)ijvj .
Combining this last equality with (4.2) we obtain α′|v0| ≥ |DAf(p, q)|. Fi-
nally, omputing ‖DAf‖2 leads to
‖DAf‖2 ≤ 1
2
α′2ν‖f‖2.
So that the seond part of the theorem follows. ✷
A Appendix: tehnial tools
The following lemma is a generalization of Lemma 11.1 in [20℄ and a loal
version of Lemma 0.1 of [27℄.
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Lemma A.1 Let M ∈ M(m, κ, r0) and u a non-negative funtion on the
ball B(p, R), with R < 1
2
r0, suh that ∆u ≤ αu + β. Let 0 < θ < 1. Then
there exist c1, c2, c3 > 0 (depending only on m, n, κ, R, α and β) and
0 < c(m) < s ≤ 1 suh that
‖u‖∞,θR ≤
((
c1 + c2
1
(1− θ)2
)c3
‖u‖2,R
)s
where ‖u‖∞,θR = sup{u(x) | x ∈ B(p, θR)}, and ‖u‖qq,R =
∫
B(p,R)
uq(x)dV (x).
Note that, if β = 0 then s = 1 (see [20℄, Lemma 11.1).
Proof : the proof ombines the proof given in [20℄ (Lemma 11.1) and Lemma
0.1 of [27℄ . Let u : B(p, R) → R, u ≥ 0 suh that ∆u ≤ αu + β. Let
ν = m
2
if m ≥ 3 and ν = 2 otherwise. Let µ be suh that 1
µ
+ 1
ν
= 1. For
0 < ρ < ρ+ σ < R, let φρ,σ be the Lipshitz ut-o funtion depending only
on the distane to p given by
φρ,σ(r) = φ(r) =

0 on B(p, R) \B(p, ρ+ σ),
ρ+σ+r
σ
on B(p, ρ+ σ) \B(p, ρ),
1 on B(p, ρ).
Then for an arbitrary onstant a ≥ 1, we have
‖u2a‖µ,ρ ≤ ‖φua‖22µ.
As the injetivity radius of M is bounded below (Inj(M) ≥ r0 > 0) and
the Rii urvature too (Ricci(M, g) ≥ −(m−1)κg) Sobolev embeddings for
omplete manifolds are valid and we an apply the Sobolev inequalities to
‖φua‖22µ (see [16℄, lemma 3.3). More preisely, there exists a onstant cs > 0
depending only on m, κ and r0 suh that
‖φua‖22µ ≤ cs‖d(φua)‖22.
Replaing cs by CR
2
, we an rewrite the inequality as
‖φua‖22µ ≤ CR2‖d(φua)‖22.
Therefore,
‖u2a‖µ,ρ ≤ CR2‖d(φua)‖22.
However ∫
M
|d(φua)|2dV ≤ a
∫
M
φ2u2a−1∆udV +
∫
M
|dφ|2u2adV
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(see [20℄, p.81). Hene using the assumption on ∆u and u ≥ 0 we obtain
‖u2a‖µ,ρ ≤ CR2
(
aα
∫
M
φ2u2adV + aβ
∫
M
φ2u2a−1dV +
∫
M
|dφ|2u2adV
)
and by onstrution of φ, we obtain
‖u2a‖µ,ρ ≤ CR2
(
aα +
1
σ2
)∫
B(p,ρ+σ)
u2adV + CR2aβ
∫
B(p,ρ+σ)
u2a−1dV
≤ CR2
(
aα +
1
σ2
)
‖u‖2a2a,ρ+σ + CR2aβV (p, ρ+ σ)
1
2a‖u‖2a−12a,ρ+σ.
Finally, we have shown that for any a ≥ 1, 0 < ρ < ρ+ σ < R, we have
‖u‖2a2aµ,ρ ≤ CR2
(
aα +
1
σ2
)
‖u‖2a2a,ρ+σ + CR2aβV (p, ρ+ σ)
1
2a ‖u‖2a−12a,ρ+σ.
This was the rst step of the proof. Now, we will proeed with a Moser
iteration. To that aim, let
a0 = 1, a1 =
m
m− 2 = µ, . . . , ai = µ
i, . . .
σ0 =
1− θ
2
R, σ1 =
1− θ
4
R, . . . , σi =
1− θ
2i+1
R, . . .
ρ0 = R− σ0, ρ1 = R− σ0 − σ1, . . . , ρi = R−
i∑
j=0
σj, . . .
and ρ−1 = R. Observe that ρi > θR for any i and ρi → θR as i → ∞.
Moreover, for any Ai, Bi > 0
(Ai +Bi)min{‖u‖2ai2ai,ρi+σi , ‖u‖2ai−12ai,ρi+σi} ≤
Ai‖u‖2ai2ai,ρi+σi +Bi‖u‖2ai−12ai,ρi+σi ≤ (Ai +Bi)‖u‖bi2ai,ρi+σi
where bi is suitably hosen (bi ∈ {2ai−1, 2ai}). Now replae above a, ρ, σ by
ai respetively ρi, σi to obtain
‖u‖2ai+1,ρi ≤
(
CR2
(
aiα +
1
σ2i
+ aiβV (p, ρi−1)
1
2ai
)) 1
2ai ‖u‖
bi
2ai
2ai,ρi−1
.
Then iterate this inequality to obtain (using Bishop-Gromov omparison the-
orem, Croke's inequality and ai ≥ 1)
‖u‖∞,θR ≤ c
(
∞∏
i=0
(
CR2ai (α + c
′β) + C
R2
σ2i
) 1
2ai ‖u‖
b0
2
2,R
)∏∞
j=1
bj
2aj
.
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By the same argument as in [27℄,
∏∞
j=0
bj
2aj
onverges to s ∈ [e−(n−2) ln(2)2 , 1]. It
remains then to show that
∏∞
i=0
(
CR2ai (α + c
′β) + C R
2
σ2i
) 1
2ai
onverges too.
But we have that
∏∞
i=0B
µ−i = B
µ
µ−1
(as µ > 1) and
∑∞
i=0 iµ
−i
is nite,
therefore
∞∏
i=0
(
CR2µi (α + c′β) + 4C
4i
(1− θ)2
) 1
2µi ≤
∞∏
i=0
max{µ, 4} i2µi
(
CR2 (α + c′β) + C
4
(1− θ)2
) 1
2µi
≤ c(µ)
(
CR2 (α + c′β) + C
4
(1− θ)2
) 1
2
µ
µ−1
.
This implies the laim. ✷
A.1 Proof of Lemma 3.19
The proof diers aording to the assumptions made on E.
Assume E is of harmoni urvature. By Remark 3.13 and Remark 3.14,
we have
n∑
i=1
fi(p)e
p
i (x)−
n∑
i=1
fi(q)e
q
i (x) =
n∑
i=1
fi(p) (e
p
i (x)− τx,pepi (p))+DAf(q, p)iτx,pepi (p)+fi(q) (τx,peqi (p)− eqi (x)) .
By Lemma 3.3 and as d∗RE = 0, |epi (x) − τx,pepi |2 ≤ cλi(p) for 1 ≤ i ≤ µ(p)
and |τx,peqi (p)− eqi (x)|2 ≤ cλi(q) for 1 ≤ i ≤ µ(q). Moreover if µ(q) < i ≤ n,
|τx,peqi (p)− eqi (x)|2 ≤ 4. Therefore∣∣∣∣∣
n∑
i=1
fi(p)e
p
i (x)−
n∑
i=1
fi(q)e
q
i (x)
∣∣∣∣∣
2
≤
c′
(|DAf(q, p)|2 + (V f) (p) · f(p) + (V f) (q) · f(q))
whih implies the lemma in this ase.
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Assume E is of rank one, then
n∑
i=1
fi(p)e
p
i (x)−
n∑
i=1
fi(q)e
q
i (x) =
n∑
i=1
DAf(q, p)ie
p
i (x) +
n∑
j=1
fj(q)
n∑
i=1
e
p
i (x) (A(q, p)ij − a(q, p)ij(x)) .
By denition of A(q, p)ij and by the work of Buser (Lemma 5.1 in [8℄) there
exists cB > 0 depending only on m, κ and ε suh that∫
Bpq
|A(q, p)ij − a(q, p)ij(x)|2 dV (x) ≤ cB
∫
Bpq
|da(q, p)ij(x)|2 dV (x).
Moreover
(1− δ′)
n∑
i=1
|da(q, p)ij(x)|2 ≤∣∣∣∣∣
n∑
i=1
da(q, p)ij(x)e
p
i (x)
∣∣∣∣∣
2
=
∣∣∣∣∣∇eqj(x)−
n∑
i=1
a(q, p)ij(x)∇epi (x)
∣∣∣∣∣
2
≤ c
(∣∣∇eqj(x)∣∣2 + n∑
i=1
|∇epi (x)|2
)
.
As the bundle is of rank one, λ1(p) = . . . = λn(p). Therefore λ1(p) ≤ δ im-
plies
∫
B(p,10ε)
|∇epi (x)|2 dV (x) ≤ cλ1(p). Otherwise
∫
B(p,10ε)
|∇epi (x)|2 dV (x) ≤
c ≤ cδ−1λ1(p) by Lemma 3.12, whih implies∫
Bpq
|A(q, p)ij − a(q, p)ij(x)|2 dV (x) ≤ c′ (λ1(p) + λ1(q)) . (A.1)
Hene
∫
B(q,ε)
∣∣∣∣∣
n∑
i=1
fi(p)e
p
i (x)−
n∑
i=1
fi(q)e
q
i (x)
∣∣∣∣∣
2
≤
c′′
(|DAf(q, p)|2 + |f(q)|2 (λ1(p) + λ1(q))) .
This onludes the proof of Lemma 3.19. ✷
32
A.2 Proof of Lemma 3.22
The proof diers aording to the assumptions made on E.
Assume E is of harmoni urvature. As {τy,pepi (p)}ni=1 is an almost
orthonormal basis and by Remark 3.14
n∑
i=1
∣∣∣∣∣spi (y)−
n∑
j=1
A(q, p)ijs
q
j(y)
∣∣∣∣∣
2
≤
(1− δ′)−1
∣∣∣∣∣
n∑
i=1
s
p
i (y) (τy,pe
p
i (p)− epi (y)) +
n∑
i=1
s
q
i (y) (e
q
i (y)− τy,peqi (p))
∣∣∣∣∣
2
.
Integrate then over B′pq and apply Lemma 3.3 to obtain
n∑
i=1
∫
B′pq
∣∣∣∣∣spi (y)−
n∑
j=1
A(q, p)ijs
q
j(y)
∣∣∣∣∣
2
dV (y) ≤ c
((
V˜ s
)
(p) +
(
V˜ s
)
(q)
)
.
Assume E is of rank one. Reall that spi (y) =
∑n
j=1 a(q, p)ij(y)s
q
j(y).
Hene
s
p
i (y)−
n∑
j=1
A(q, p)ijs
q
j(y) =
n∑
j=1
(a(q, p)ij(y)− A(q, p)ij) sqj(y).
Therefore∫
B′pq
∣∣∣∣∣spi (y)−
n∑
j=1
A(q, p)ijs
q
j(y)
∣∣∣∣∣ dV (y) ≤
‖s‖2,3ε
n∑
j=1
(∫
B′pq
|a(q, p)ij(y)− A(q, p)ij|2
) 1
2
dV (y).
Finally, as B′pq ⊂ Bpq, inequality (A.1) implies
n∑
i=1
(∫
B′pq
∣∣∣∣∣spi (y)−
n∑
j=1
A(q, p)ijs
q
j(y)
∣∣∣∣∣ dV (y)
)2
≤ c
(
V˜ s
)
(p)
and this onludes the proof of Lemma 3.22. ✷
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